We consider the motion of a particle in a two-dimensional spatially homogeneous mixing potential and show that its momentum converges to the Brownian motion on a circle. This complements the limit theorem of Kesten and Papanicolaou [4] proved in dimensions d ≥ 3.
Introduction
The momentum of a particle moving in a weakly random Hamiltonian field approaches in the long time limit the Brownian motion on the level set of the Hamiltonian in the momentum space. The position of the particle follows the trajectory generated by this momentum process. This limit has been first investigated rigorously by Kesten and Papanicolaou in [4] in dimension d ≥ 3. More precisely, they have considered a Hamiltonian of the form
with a spatially homogeneous and mixing random field H(x), and 0 < δ ≪ 1. The corresponding particle trajectories are dX dt = V, dV dt = − √ δ∇H(X), X(0) = 0, V (0) = v 0 .
As the random potential is weak, its effect becomes appreciable over large times -of the order T ∼ O(1/δ). Accordingly, we introduce the re-scaled process X δ (t) = δX(t/δ), V δ (t) = V (t/δ) that satisfies
Later, Dürr, Goldstein and Lebowitz have considered the two-dimensional case [2] with a potential H(x) of the form H(x) = j V (x − r j ).
Here r j are the locations of randomly distributed Poisson scatterers and V is a compactly supported sufficiently smooth potential. They used a martingale technique to establish a result similar to that of Kesten and Papanicolaou in this case. The goal of the present paper is to prove the diffusive limit in the general two-dimensional setting with the same assumptions on the random potential as in the original paper of Kesten and Papanicolaou. We recall that their proof was based on the following method. The main difficulty in obtaining the limit is that the random potential is time-independent, hence the time increments of X δ (t) may be correlated: this happens when the trajectory comes close to its own past. To handle this issue one modifies the trajectories of the Hamiltonian system in such a way that the modified system has a better chance of being Markovian in time. The modification guarantees two properties: (i) the new trajectories will always go away from the regions of the physical space that they have just visited, and (ii) self-intersections do not lead to "gaining information about the past". The former is achieved by keeping momenta aligned locally in time, and the second by making the trajectory a straight line during the time of a self-intersection. This ensures that the modified process always sees "a new randomness" because of the spatial mixing properties of the random potential. Hence, the increments of the momentum variations are nearly independent and in the limit the modified momentum process becomes a diffusion. Next, one observes that the limit diffusion in dimensions d ≥ 3 does stay away from its past. Hence, so does the modified trajectory process before the limit δ ↓ 0 as it is close to the aforementioned diffusion. The last step is to observe that until the trajectory comes close to its past no modification has to be made -the original and modified processes coincide. But we have shown that the modified process does not approach its past -therefore, neither does the original process as they are one and the same until the self-intersection. Hence, the process without any modification is also close to the limit diffusion, simply because the modifications were never actually made. This finishes the original proof of [4] . We mention that recently we have been able to modify this method in [5] to control the particle behavior on a longer time scale and show that then the spatial component itself converges to a Brownian motion in R d .
The proof of [4] breaks down in two dimensions simply because the limit process does intersect itself -this means that so does the process before the limit and the near Markovianity of the original trajectories of the Hamiltonian system is seemingly destroyed. However, intuitively, there is some room even in two dimensions -one should avoid not all self-intersections but rather only non-transversal self-intersections as these cause the path to follow its past for a long time creating strong correlations with the past. Moreover, a non-transversal self-intersection in the physical twodimensional space is a self-intersection of the full (X(t), V (t))-trajectory in the three-dimensional (two spatial dimensions plus the momentum direction) phase space. The expected joint limit process (X(t), V (t)) -V (t) is a Brownian motion on the circle and X(t) is its time integral -does not intersect itself. This allows us to use the same strategy as in [4] to push the proof through in two dimensions. The main technical difficulty and novelty of this paper is in the aforementioned control of non-transversal self-intersections of the trajectories and in the proof that this weaker constraint suffices to establish the limit.
The one-dimensional case is very different from d ≥ 2 -see [9] for a recent discussion of this problem.
The paper is organized as follows. Section 2 contains the assumptions on the random medium and the formulation of the main result, Theorem 2.1. We introduce and study the modified dynamics in Section 3. Section 4 contains the proof of Proposition 3.5 which is the main technical estimate that shows that the modified process with the cut-offs is close to the momentum diffusion. The cut-offs are removed in Section 5, where Theorem 2.1 is finally proved. The appendix contains the proofs of some elementary geometric properties of trajectories.
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Preliminaries and the main result 2.1 The notation
We begin with fixing the notation. We denote by R 2 * := R 2 \ {0} the range of momenta (we will assume that the initial momentum is different from zero) and by R 4 * := R 2 × R 2 * the full phase space. Also S R (x) (D R (x)) shall stand for a circle (open disk) of radius R > 0 centered at x. We shall drop writing either x, or R in the notation of the sphere (ball) in the particular cases when either x = 0, or R = 1. For a fixed M > 10 we define the spherical shell A(M ) := v ∈ R 2 * : M −1 ≤ |v| ≤ M in the momentum space, and the corresponding bundle A(M ) := R 2 × A(M ) in the whole phase space. Given a vector v ∈ R 2 * we denote byv := v/|v| ∈ S the unit vector in the direction of v. For any set A we shall denote by A c its complement.
For any non-negative integers p, q, r, positive times T > T * ≥ 0 and a function G : [T * , T ] × R 4 * → R that has p, q and r derivatives in the respective variables we define
The summation range covers all integers 0 ≤ α ≤ p and all integer valued multi-indices |β| ≤ q and |γ| ≤ r. We also define
and denote by C p,q,r b ([0, +∞) × R 4 * ) the space of all functions G with G p,q,r < +∞. We shall also consider spaces of bounded and a suitable number of times continuously differentiable functions C p,q b (R 4 * ) and C p b (R 2 * ) with the respective norms · p,q and · p . We use the shorthand notation C := C([0, +∞); R 4 * ) for the space of continuous trajectories in the (X, V )-space. Let us define (X(t), V (t)) : C → R 4 * as the canonical mapping
Let also θ s (π)(·) := π(· + s) be the standard shift transformation by s ≥ 0. For any u ≤ v denote by M v u the σ-algebra of subsets of C generated by (X(t), V (t)), t ∈ [u, v]. We write M v := M v 0 and M for the σ algebra of Borel subsets of C. It coincides with the smallest σ-algebra that contains all M v , v ≥ 0.
The random medium
Now, we describe the class of random potentials H(x) that we consider. Let (Ω, Σ, P) be a probability space, and let E denote the expectation with respect to P. The function H : R 2 × Ω → R is a random field that is measurable and strictly stationary. This means that for any shift x ∈ R 2 , and a collection of points x 1 , . . . , x n ∈ R 2 the laws of (H(x 1 + x), . . . , H(x n + x)) and (H(x 1 ), . . . , H(x n )) are identical. In addition, we assume that EH(0) = 0, the realizations of H(x) are P-a.s. C 2 -smooth in x ∈ R 2 and satisfy
We setD := 0≤i≤2 D i . We suppose further that the random field is strongly mixing in the uniform sense. More precisely, for any R > 0 we let C i R and C e R be the σ-algebras generated by the random variables H(x) with x ∈ D R and x ∈ D c R respectively. The uniform mixing coefficient between the σ-algebras is
for all ρ > 0. We suppose that φ(ρ) decays faster than any power: for each p > 0
3)
The two-point spatial correlation function of the random field H is R(
This in turn allows us to defineR
the power spectrum of H. We assume that the following non-degeneracy condition holds:
(ND) the correlation function R(·) belongs to C ∞ (R 2 ) andR(·) does not vanish identically on
The main result
Consider the motion of a particle governed by a Hamiltonian system of equations 5) where the potential H(x) is a random field satisfying assumptions in Section 2.2. This motion preserves the total Hamiltonian:
Therefore, as H(x) is uniformly bounded by a deterministic constant D 0 (see (2.2)), |w (δ) (t)| stays uniformly close to |w (δ) (0)| = |v| for all t ≥ 0. In order to formalize this, for a given M > 10 and δ * > 0 sufficiently small (depending on M andD) we let
Then, (2.6) implies that for a particle that is governed by the Hamiltonian flow generated by (2.5)
for all t provided that the initial data (x, v)) ∈ A(M ) and 0 < δ < δ * . Accordingly, we define C(M * ) as the subspace of C containing paths π = (X(·), V (·)) for which (2M * ) −1 ≤ |V (t)| ≤ 2M * , X(t) is differentiable in time, andẊ(t) = V (t) for all t ≥ 0. The inequality (2.7) means that the trajectory (z (δ) (t; x, v), w (δ) (t; x, v)), δ ∈ (0, δ * ] necessarily lies in C(M * ), provided that the initial data (x, v) ∈ A(M ). We denote by Q δ s,x,v (·) the law over C of the process corresponding to (2.5) starting at t = s from (x, v) (this law is actually supported in C(M * )). We shall omit writing the subscript s when it equals to 0.
We now describe the limit process as δ ↓ 0. Let (v(t)) t≥0 be a diffusion, starting at v ∈ R 2 * at t = 0, with the generator of the form
Here the diffusion matrix is given by
and the drift vector is
where ∆ := ∂ 2 y 1 + ∂ 2 y 2 stands for the two dimensional Laplacian and R j (·) := ∂ y j R(·). Employing exactly the same argument as the one used in Section 4 of [1] it can be easily seen that v(t) is a degenerate diffusion in R 2 * supported on the circle S v . Moreover, it is a non-degenerate diffusion on the circle under the non-degeneracy hypotheses (ND) made aboutR(·), cf. Proposition 4.3 of ibid. Suppose that v(0) = v = 0 and denote by Q x,v the law, over C, of the process x + t 0 v(s)ds, v(t) . The joint process is a degenerate diffusion, whose generator equals
Here the notation L v stresses that the operator L defined in (2.8) acts on the respective function in the v variable. We denote by M x,v the expectation corresponding to the path measure Q x,v . The main result of this paper can be stated as follows. 
The overall strategy of the proof of Theorem 2.1 is similar to that in [1, 4, 5] . Briefly, it can be summarized as follows. The Hamiltonian system (2.5) is modified in such a way that the particle can not "turn back violently". This ensures that the particle "moves forward", at least locally in time. This was done by multiplying the right side of (2.5) by a cut-off function Θ(t, X(t), V (t); π) that depends both on the current position (X(t), V (t)) and on the past trajectory π. More precisely, one introduces a time mesh t (1) k = 1/p 1 -the function Θ is equal to zero on the time interval [t (1) k , t (1) k+1 ] if the momentum V (t) is far from V (t (1) k ). This keeps momenta aligned on the time scale p −1 1 and propels the particle forward. The second cut-off requires that if X(t), t ∈ [t (1) k , t (1) k+1 ] is close to X(s) with s ≤ t (1) k−1 then Θ = 0 and dynamics is trivial. The latter assumption ensures that "no information is gained" at self-intersections. Using the improved mixing properties of the modified dynamics it is possible to show that the modified process converges to the Fokker-Planck diffusion with the generator (2.11). The last step is to observe that for a diffusion in dimension d ≥ 3 the cut-off Θ = 1 for a very long time: it does not make a violent turn on a short time interval, nor does it come close to its past trajectory. Therefore, the modified process, being close to diffusion, also does neither of those things. Hence the stopping times, associated with the first violent turn and coming back, tend to infinity for the modified process. However, until the stopping time the laws of the true process and of its modification, coincide, therefore the stopping time for the original process also tends to infinity, and we conclude that the law of the momentum of the true solution of the Hamiltonian system also approaches the law of the Brownian motion on a sphere as δ → 0.
As we have mentioned in the introduction, the two-dimensional case requires a special treatment because the limit diffusion intersects its past -hence the idea of "always seeing a new randomness" may not work. However, one can show that the limit process does not intersect the past trajectory nearly tangentially. Therefore, the time it stays close to its past is small -this provides the key hope for the proof. Accordingly, we modify the Kesten-Papanicolaou self-intersection cut-off: the particle is forced to go along the straight line ("no information gain") only if it intersects the past trajectory non-transversally. Transversal intersections undergo the original dynamics. The non-transversality condition of self-intersections is formalized as follows. First, we set-up the mesh t (1) k on which we require the momentum alignment, as in [1, 4, 5] . In addition, we set-up a finer mesh t (2) k = k/p 2 with p 2 ≫ p 1 and impose that Θ(t) = 0 if at time t the position X(t) is close to X(t (2) k ) with t (2)
and the directionsV (t) andV (t (2) k ) are nearly aligned. Since non-transversality is checked only for times on the 1/p 2 -mesh, we have to introduce an additional cut-off that requires the momenta to be aligned on this time scale. This means that the momenta at self-intersections are transversal to those at all times on the interval t ∈ [t (2) k , t p (2) k+1 ], and not only the discrete times on the mesh. That allows one to bound the total time spent near the past trajectory in the modified dynamics: see Proposition 3.3. This bound allows us to bound the "correlation gain" at self-intersections and proceed to the next step -we establish an approximate martingale equality in Proposition 3.5 for the modified dynamics. However, this property holds only with some time delay: u − t ≥ p −1 3 with an appropriate p 3 -this forces us to introduce a third time mesh t (3) k = k/p 3 as well as cut-offs that prohibit a violent turn on this time scale. This is required to control the times when the approximate martingale equality fails.
The rest of the proof is similar to [5] : we consider a concatenated process. It follows the modified dynamics until the stopping time, when one of the aforementioned events occur, and the limit diffusion after this time. We use the approximate martingale property of the modified process to show that the concatenated process converges to the correct diffusive limit. That means that the stopping time for the concatenated process has to go to infinity as δ ↓ 0. However, until the stopping time the concatenated, modified and original processes all coincide, hence the modified process also has the right limit, as well as the original dynamics, and the proof is complete.
The cut-off dynamics
In this section we introduce the modified dynamics and establish the tightness of the family of processes with the cut-offs.
The stopping times
First, we explain the stopping times that we will need in the proof of Theorem 2.1. Let ǫ i , i = 1, . . . , 8 be certain positive constants. We set
1)
We will specify the restrictions on the constants ǫ i as the need for such constraints arises. However, the basic requirement is that they should be sufficiently small. At this time we assume only that all the parameters appearing in (3.1) are less than δ −1 . This forces upon us the assumptions
We introduce the following (M t ) t≥0 -stopping times. Consider a path π ∈ C(M * ) and let t (i)
We define the three "violent turn" stopping times on each scale corresponding to the mesh sizes p
This ensures that during a time interval of length 1/p i the particle momentum does not change by more than O(N −1/2 i ) -the particle goes forward. We shall assume that N i ≪ p i , i = 1, 2, 3, which holds if
This condition guarantees that the expected limit diffusion process should have the same property. Note that for any path π ∈ C(M * ) the condition
k )·V (t) ≥ 1−1/N -hence until the stopping time the momenta directions are aligned on the corresponding time scales. This fact follows from an elementary inequality |x −ŷ| ≤ 2M * |x − y| for arbitrary x, y ∈ R d satisfying |x|, |y| ≥ (2M * ) −1 . We note that both in the definition of the stopping times above and elsewhere we adopt the convention that the infimum of an empty set equals +∞.
The last stopping time deals with the path self-intersections. For each t ≥ 0, we denote by
the trace of the spatial component of the path π up to time t, and by
a tubular region ("sausage") around the path. We introduce the following stopping time
Any path self-intersections are transversal until the time U δ . Moreover, since N 2 ≫ N 4 , the intersection angle is much larger than the oscillations of the trajectory on the 1/p 2 -time scale. This condition will be used below to control the time that a piece of the future may spend in the sausage of width 1/p 4 around the past. This is the role of the parameter p 4 . It will be made precise later on: see (3.23) and Proposition 3.3. Finally, we set the stopping times
and
The cut-off functions
We define first the cut-off functions needed for the "no violent turn" stopping times. Let M > 10 be fixed and suppose that the function ψ 1 :
is of the C ∞ class and such that
One can construct ψ in such a way that for arbitrary nonnegative integers m, n there exists a constant C m,n so that ψ j m,n ≤ C m,n K (m+n)/2 , j = 1, 2. Suppose now that the reciprocal mesh sizes p i and "angle turn cut-off" amplitudes N i are the positive integers defined in Section 3.1. Define the 1/p i -scale "violent turn" cut-off function as
The next step is to introduce the cut-off that prevents nearly tangential self-intersections. It is defined as follows. Let the function φ : R 4 * ×R 4 * → [0, 1] be of the C ∞ class and satisfy φ(y, v; x, w) = 1, when |y − x| ≥ 1/p 2 , or |v ·ŵ| ≤ 1 − 1/N 4 and φ(y, v; x, w) = 0, when both |y − x| ≤ 1/(2p 2 ) and |v ·ŵ| ≥ 1 − 1/(2N 4 ). Again, in this case we can construct φ in such a way that
for arbitrary integers m 1 , m 2 , n 1 , n 2 and a suitably chosen constant C mn . The cut-off function φ k : R 4 * × C → [0, 1] for a fixed path π is given by
We set
k+1 .
(3.12)
For a given t ≥ 0, (y, v) ∈ R 4 * and a path π ∈ C let us define the cut-off function
that incorporates all of the necessary cut-offs. In the sequel we will need the result of the following lemma that can be verified by a direct calculation. 
We note that the power of p 2 appears due to two contributions: one comes from the dependence of φ on y, and another from the number of terms in the product in the definition (3.11) of the function φ k that arise both when differentiating the function Θ in y and in v. We also define the re-scaled function Θ δ (t, y, l; π) := Θ(t, δy, l; π). (3.13)
Observe that according to Lemma 3.1 we have
provided that 2(ǫ 1 + ǫ 2 ) < 1. (3.15)
The modified dynamics in two dimensions
We are now ready to define the modified dynamics with the cut-offs and describe some of its elementary geometric properties in two dimensions. Given a path π ∈ C we introduce the vector field
with the cut-off function Θ δ defined in (3.13). For a fixed (x, v) ∈ R 4 * , δ > 0 and realization ω ∈ Ω we consider the modified particle dynamics with the cut-off that is described by the stochastic process (y (δ) (t; x, v, ω), l (δ) (t; x, v, ω)) whose paths are the solutions of the following equation
We will denote byQ (δ)
x,v the law of (y (δ) (·; x, v), l (δ) (·; x, v)) over C and byẼ
x,v the corresponding expectation. ¿From the construction of the cut-offs we deduce the following geometric properties of the trajectories (y (δ) (·), l (δ) (·)).
provided that δ ∈ (0, δ * ] and δ * > 0 is sufficiently small. Moreover, for all k ≥ 1, i = 1, 2, 3 we havê
provided that δ ∈ (0, δ * ] and δ * > 0 is sufficiently small.
The proof of this Lemma is elementary and is contained in Appendix A. We show next that a consequence of Lemma 3.2 is that the modified trajectory stays only for a little time in a tube around its past as long as the cut-offs are not equal to zero. We assume that
that is, p 4 is larger than all other cut-off parameters defined in (3.1). For any k ∈ Z we define
the tube of the size 1/p 4 around the trajectory until the time t
be the set of times spent by the trajectory during the time interval [t
k+2 ] in a narrow tube around the past and in a direction transversal to the tube. The following proposition gives an upper bound on the measure of this set. 
provided that δ ∈ (0, δ * ], where δ * > 0 is sufficiently small. Here m 1 is the one-dimensional Lebesgue measure.
Proof. For any integer l ≥ 0 we denote by Γ l the arc
l+1 ] and by
k+2 ] and assume that there exists
i+1 ].
This means that there exists a sub-interval [t
k−1 ] so that the curve Γ i intersects the tube G j . Let σ 1 , σ 2 be two subsequent exit and entrance times of Γ i into G j , that is, we let first
26)
We recall here our convention that the stopping times equals +∞ if the respective sets are empty. As a consequence of the transversality condition (3.18) and the slow variation of the tangent field expressed by (3.21) we conclude, see Lemma B.1 in Appendix, that σ 2 = +∞ -the particle may not re-enter the tube G j during the time interval [t (2) i , t (2) i+1 ] if it goes through G j transversally. Thus, the intersection Γ i ∩ G j is connected and the set
is actually a time interval. It also follows from (3.18) that the length of the interval B 
can be estimated therefore from above by CN 
k+2 ] and, since there are 2p 2 /p 1 of such intervals, we obtain (3.24). The upper bound (3.24) is useful provided that p 4 is sufficiently large -this is why we take it larger than all other parameters in (3.22).
Some consequences of the mixing assumption
We recall in this section some technical lemmas that translate the mixing properties of the random potential into decorrelation properties of trajectories. Let F t denote the σ-algebra generated by (y (δ) (s), l (δ) (s)), s ≤ t. Here we suppress, for the sake of abbreviation, writing the initial data in the notation of the trajectory. In this section we assume that X 1 , X 2 : (R × R 2 × R 4 ) 2 → R are certain continuous functions, Z is a random variable and g 1 , g 2 are R 2 -valued random vectors. We suppose further that Z, g 1 , g 2 , are F t -measurable, whileX 1 ,X 2 are random fields of the form
We also let
The following mixing lemma can be proved in the same way as Lemmas 5.2 and 5.3 of [1] .
29)
P-a.s. on the set {Z = 0} for i = 1, 2. Then, we have
(ii) Let EX 1 (0) = 0. Furthermore, we assume that g 2 satisfies (3.29),
and |g 1 − g 2 | ≥ r 1 δ −1 for some r 1 ≥ 0, P-a.s. on the event {Z = 0}. Then, we have
for some absolute constant C > 0. Here the function U is given by (3.28).
Tightness of the cut-off process
This section contains the proof of tightness for the process with cut-offs. The proof follows in general [1] and [5] with a couple of additional twists. First, one has to use mixing with the additional control of the time spent in the tube around the past from Proposition 3.3, rather than simply discard the times spent near the past as in d ≥ 3. Second, we obtain a martingale estimate in Proposition 3.5 below only for slightly separated times u − t ≥ 1/p 3 . Hence, one has to introduce a linear approximation on the time scale 1/p 3 , show that the martingale estimate suffices for the tightness of the linear approximation and deduce tightness for the full process using its uniform closedness to the linear approximation.
Throughout this section we shall omit the initial data from the notation for the path.
Proposition 3.5 Assume that ǫ i ∈ (0, 10 −3 ), i = 3, 4, 7 and ǫ 3 ∈ (1/7, 1/6), ǫ 4 ∈ (15/16, 1),
The choice of the constant C does not depend on (x, v), δ ∈ (0, 1], ζ, times t 1 , . . . , t n , u, t, or the function G.
We recall thatẼ
x,v is the expectation with respect to the cut-off dynamics. Before proceeding with the proof of the proposition we show first how to conclude from it the tightness of the laws of l (δ) (·). Define the processl (δ) (·) by settingl (δ) (t
k ), k ≥ 0 and then extend its definition via a linear interpolation. Note that thanks to (A.2) of Proposition A.1 in Appendix we have
The tightness of the family l (δ) (·) follows from the above estimate and the following proposition.
Proposition 3.6 The laws of the familyl
Proof. The argument is analogous to the proof of Theorem 1.4.6 of [8] . We start with the definition of stopping times τ k (π) (the reader should not confuse these stopping times with the stopping times τ δ (π) defined in (3.7) as they have nothing to do with each other) that determine the p 3 -mesh times at which the V component of the path π performs k-th oscillation of size ρ/8, where ρ > 0 is given. Let τ 0 (π) := 0 and for any k ≥ 0 set
with the convention that τ n+1 = +∞ when τ n = +∞, or when the respective event is impossible. Let N # := min[n : τ n+1 > T ] and δ * := min[τ n −τ n−1 : n = 1, . . . , N # ]. Let h > 0 and K -a positive integer -be fixed. Our first task is to estimate the probabilityQ
To that purpose we writeQ
We will estimate the two terms above as follows. First, we havẽ
with a constant A ρ depending on ρ but not h. Second, we will show that there exists γ < 1 such thatQ
¿From (3.34), (3.35) and (3.36) we obtain that
Estimate (3.37), see also Lemma 1.4.1 p. 39 of [8] , implies that for any
Choosing K large first and then h small this proves that for any σ, ρ > 0 one can find h > 0 such that
hence the family of laws ofl Note that according to Proposition 3.5 we can choose constants A ρ , C > 0, where C is independent of ρ, in such a way that A ρ < Cρ −3 (the power three comes from v-derivatives in the right side of (3.33)) and the random sequence
is aQ for all l with |l| ∈ ((3M * ) −1 , 3M * ) provided that δ is sufficiently small. The restriction on the range of |l| ensures that the shifted function f l (v) = f (v − l) to which we have applied Proposition 3.5 vanishes at v = 0. LetQ
x,v,π , π ∈ C denote the family of the regular conditional probability distributions that corresponds tõ Q x,v probability event Z such that for each π ∈ Z and each l as above, the random sequence
x,v,π . We can, of course, choose the event Z in such a way thatQ
where
then the sub-martingale property of S m,π m≥0 and (3.40) imply that
In consequence of (3.41) we havẽ
as T n,π − τ n (π) ≤ h. From (3.42) we obtain that
so in particular, using the definition of the stopping times τ n (π) and the function f (v), we obtain
This proves (3.35).
In order to show that (3.36) also follows let us fix an h 0 > 0 such that
We obtain theñ
We used (3.35) in the last step above. From (3.43) one concludes as in Lemma 1.4.5 p. 38 of [8] , that (3.36) holds. The proof of Proposition 3.6 is now complete.
4 The proof of Proposition 3.5.
The proof of this Proposition follows the blueprint of [1, 4, 5] with the modifications that are necessary to account for the fact that the process with cut-offs may come back to a tube around the past trajectory. As we have mentioned previously, the reason the proof goes through is that the set of such bad times is small: see Proposition 3.3. The rest of the argument is similar, we present it in detail for the convenience of the reader. Let
be the linear approximation of the trajectory between times σ and s > σ. We obtain from the definition of the dynamics, see (3.17) , that
In the course of the proof of (3.33) we assume without loss of generality that there exists k such that t ∈ [t 
Throughout this section we denoteζ = ζ(y (δ) (t 1 ), l (δ) (t 1 ), . . . , y (δ) (t n ), l (δ) (t n )). We also first assume that the test function G ∈ C 2 b (R 2 * ) as we will use the Taylor formula repeatedly. Note that, according to (3.17),
Once again, using (3.17) and the Taylor formula between the times σ s and s we can rewrite then (4.6) in the form I (1) + I (2) + I (3) , where
and σ s is given by (4.3). The following lemma estimates the three terms above. 
and Θ(s) := Θ(s, y (δ) (s), l (δ) (s); y (δ) (·), l (δ) (·)). The choice of the constants γ, C does not depend on (x, v), δ ∈ (0, 1], ζ, times t 1 , . . . , t n , u, t, or the function G.
The proof of (4.7)
Using the linear approximation (4.1), the term I (1) can be rewritten in the form J (1) + J (2) , where
4.1.1
The estimate for J (1) We will show that J (1) becomes small as δ ↓ 0, namely
To see this we shall further split J (1) = J
(1)
B . The first term contains integration over the "bad" times when the point y (δ) (σ s ) is inside the tube around the past, while the second contains integration over the good times. That is, we define
and J (1)
Here X δ (k−1, p 4 ) denotes the tube defined in (3.23), and X c δ (k−1, p 4 ) is its complement. Note that if
provided that δ > 0 is sufficiently small. Recall here that for ǫ 4 , defined in (3.1), the assumptions of Proposition 3.5 guarantee that γ A < 1/16 < 1 − ǫ 4 . Hence, we can estimate the contribution of J (1) A to (3.33) using Proposition 3.3 as
which is true under the assumptions of Proposition 3.5 (see (3.1) for the definition of ǫ j , j = 1, . . . , 8).
We note that while Proposition 3.3 does not allow to control the time spent inside the tube in a non-transversal direction, that is, when the cut-off Θ δ = 0, such times do not contribute to J
A as then the integrand F j,δ is automatically equal to zero. Now we will proceed with the estimate of E[J (1) Bζ ] . This will be done with the help of the mixing Lemma 3.4. Suppose that [t In order to use mixing we will need σ s and s to lie inside the same interval of such type. Hence we set
and denote by G c J its complement in [t, u] . Observe that
Let s ∈ G J -we will use part (i) of Lemma 3.4 withX 1 (x) := −∂ x j H(x),X 2 (x) ≡ 1,
and g 1 := L (δ) (σ s , s)δ −1 . We have replaced s in the argument of Θ by σ s since s and σ s both lie
l+1 ), and Θ does not vary in s on such intervals. Note that g 1 and Z are both F σs measurable. We need to verify that (3.29) holds, that is, that
for all 0 ≤ ρ ≤ σ s . To this end suppose that Z = 0. Assume first that ρ ∈ [0, t
because of (4.5), provided that Cδ 3/2−γ A < 1/p 4 . The latter condition holds for a sufficiently small
we use the cut-offs that "propel the trajectory forward". We consider two cases. First, if σ s ≤ t (1) k+1 and δ is sufficiently small we have, using (3.19)
When, on the other hand σ s > t
k+1 we obtain using (3.20) that the left hand side of (4.17) is greater than, or equal to (2M * ) −1 (s − σ s )(1 − 18/N 1 ). We see that in both of those two cases condition (3.29) is satisfied with r = (1 − 18/N 1 ) (s −σ s )/(2M * ) = Cδ −γ A . Using Lemma 3.4 we estimatethe first term comes from s ∈ G J and is bounded using mixing, and the second arises from s ∈ G c J and is controlled by (4.15):
The first term above decays faster than any power of δ because of (2.3), while the second may be bounded using (4.15):
Together, (4.12) and (4.18) imply (4.11). This concludes the estimate for J (1) .
The estimate for J (2)
The term J (2) defined by (4.10) produces a non-trivial contribution in the limit δ ↓ 0. In order to find its asymptotic behavior we write it as J (2) = J
2 , where
The term involving J
2 may be handled with the help of (3.14) with β 2 = 0 and (4.5). We obtain
2 makes no contribution to the limit. In order to estimate the term corresponding to J (2) 1 we write
An application of (4.5), definition (3.16) and Lemma 3.1 as in the estimate for J
2 yields
The second term on the left side of (4.23) can be written as a sum K A + K B + K C , where the first term accounts for the time inside the tube:
while the other two concern the good times when y (δ) (σ s ) is outside the tube
By virtue of Proposition 3.3 we obtain that K A may be bounded by
The term K B that involves differentiating the cut-off function can be estimated with the help of the first inequality in (3.14) by
To deal with the term K C that turns out to be the principal contribution to I (1) we first observe that ρ 1 , as the first argument in the function Θ on the second line in (4.24), may be replaced by s, as long as s and σ s lie in the same interval of the 1/p 2 -mesh -that is, for s ∈ G J , see (4.14). As the measure of the set |G c J | is bounded as in (4.15), we have
We introduce some auxiliary notation. For j = 1, 2 we let V j (y, y ′ , l) := ∆R j (y − y ′ ) -the notation here is as in (2.10). We let also
. Now the argument used to estimate E[J
Bζ ] (cf. the calculations in (4.16)-(4.17) and the respective explanations) can be invoked. We use part (ii) of Lemma 3.4 for s ∈ G J with
Now, for s ∈ G J we have, using (3.32)
Hence, we obtain, estimating the integral over the times s ∈ G c J in the usual manner:
Next, we simplify the second term in the left-most part of (4.30). Using the fact that
as well as the estimate (4.5) and Lemma 3.1 we can argue that
under our assumptions on ǫ j . and γ A . We conclude therefore that the magnitude of the difference between the second term on the left hand side of (4.30) and
can be estimated by
. For s ≥ t + δ 1−γ A we can write the integral from σ s to s appearing above as
which upon the change of variables ρ 1 := (s − ρ 1 )/δ is equal to
Since the expression corresponding to the integral over s ∈ [t, t+δ 1−γ A ] can be estimated by Cδ 1−3γ A we conclude that
Thanks to (2.3) we can replace the integral from 0 to δ −γ A appearing on the left hand side of (4.33) by the improper integral from 0 to +∞. Finally, it is straightforward to check that under the assumptions on ǫ i in Proposition 3.5 and with γ A as in (4.4) all the conditions on ǫ i that we have encountered in this section are satisfied. We obtain, therefore,
for a certain constant C > 0 and E j (·) given by (2.10). Hence, (4.7) has been verified -it remains only to observe that the argument σ s in (4.34) can be replaced by s making a small error using the regularity of the field H(x) and estimate (4.31).
The proof of (4.8) and (4.9)
The calculations concerning these terms essentially follow the respective steps performed in the previous section so we only highlight their main points. First, using Lemma 3.1 and (4.31) we note that the difference between E[I (2)ζ ] and
is less than, or equal to
under our assumptions on ǫ i and γ A . Next, we note that (4.35) equals to
A straightforward argument using Lemma 3.1 and (4.5) shows that both the second and third terms of (4.36) can be estimated by
The first term, on the other hand, can be handled with the help of part (ii) of Lemma 3.4 in the same fashion as we have dealt with the term J
1 , given by (4.22) of Section 4.1, in the process we have to use Lemma 3.1 in order to estimate ∂ ℓ i F j,δ . As a result we obtain that
Finally, concerning the limit of E[I (3)ζ ], we use Lemma 3.1, (4.5), and (4.31) to conclude that
Then, we can use part (ii) of Lemma 3.4 and obtain
Finally, we replace the argument σ s , in formulas (4.34), (4.37) and (4.38), by s. This can be done thanks to estimate (4.31) and the assumption on the regularity of the random field H(·). We remark that in order to make this approximation work we will be forced to use the third derivative of G(·). This finishes the proof of Lemma 4.1 and Proposition 3.5.
5 The proof of Theorem 2.1
An estimate ofQ
The principal result of this section is the following estimate on the stopping time for the process with cut-offs.
Theorem 5.1 There exist C, γ > 0 such that
We start with the following construction of the augmentation of path measures that has been carried out in Section 6.1 of [8] . Let s ≥ 0 be fixed and π ∈ C. Then, according to Lemma 6.1.1 of ibid., there exists a unique probability measure, that is denoted by δ π ⊗ s Q X(s),V (s) , such that for any pair of events
. The following result is a direct consequence of Theorem 6.2.1 of [8] .
Proposition 5.2 There exists a unique probability measure R (δ)
for all A ∈ M τ δ and the regular conditional probability distribution of R (δ)
This measure shall be also denoted byQ
We denote by E (δ)
x,v the expectation with respect to the augmented measure R (δ)
We obviously have
Here U δ , see (3.5) , is the stopping time associated with the nearly tangential passing of the past trajectory and S δ , see (3.6) , is the stopping time corresponding to violent turns on either of the scales 1/p i , i = 1, 2, 3. Let us denote the first and second event appearing on the right hand side of (5.4) by A(δ) and B(δ) respectively:
These events are M τ δ -measurable. Hence
We will estimate theQ
x,v probabilities of these two events separately and will show that both can be estimated by Cδ γ for certain constants C, γ > 0.
According to the remarks form the previous section it suffices only to show that there exist C, γ > 0 such that R
The following proposition is a consequence of Proposition 3.5 and the construction of the augmented measure. To abbreviate the notation we let
HereL is the generator of the degenerate diffusion given by (2.11).
Hereζ := ζ(X(t 1 ), V (t 1 ), . . . , X(t n ), V (t n )). The choice of C > 0 does not depend on (x, v), δ ∈ (0, 1], ζ, times t 1 , . . . , t n , u, t, or the function G.
Proof. Let 0 = s 0 ≤ s 1 ≤ . . . ≤ s n ≤ t and B 1 , . . . , B n ∈ B(R 4 * ) be Borel sets. We denote A 0 := C and for any k ∈ {1, . . . , n}, s ≤ s k we define the events
and their shifted counterparts
We write
(5.10)
Hence the left hand side of (5.10) equals
We conclude from (5.10), (5.11) that
and therefore
Note that it is an M t -measurable event. The first term on the utmost right hand side of (5.13) equals
while the second one equalsẼ
(5.14)
We define
] as a point on the 1/p 3 -mesh that approximates (u ∧ τ δ ) ∨ t, and note that ] = ∅) and grouping the terms of the sum that correspond to the same index r we obtain that the right hand side of (5.15) equals 
Next, using (A.2) we obtain that
, and
x,v -a.s. We note that this is the only place in the proof of Theorem 2.1 where the "no violent turn on the scale 1/p 3 " stopping time S (3) δ is used. From the definition of the cut-off dynamics, see (3.17), we also have
, where ǫ 7 ∈ (1/15, 1/10), we have
for a certain constant C > 0. From (5.14) and (5.17) we obtain
for a certain constant C > 0 and the conclusion of Proposition 5.3 follows. To simplify our notation we assume in the subsequent notation that M * = 1. Note that for δ ∈ (0, δ * ], where δ * is sufficiently small we have, using (3.21)
(5.18) and thus
with the maximum taken over j − i ≥ p 2 /p 1 . In estimating the probability appearing on the right hand side of (5.19) we shall need the following. Here Q x,v is the path probability measure of the degenerate diffusion with the generator (2.8).
Proof. We prove this lemma by induction on j. . These functions are C ∞ smooth and bounded together with all their derivatives. It can be easily seen that V 1 (t), t ≥ 0, is a diffusion starting at v 1 , whose generator N is of the form
where a(·) is a certain C ∞ -function. Let
whereX 0 is a C ∞ -smooth extension of the field
It can be shown, by the same type of argument as that given on pp. 122-123 of [1] , that for each (x, v 1 ), with v 1 ∈ Z, the linear space spanned at that point by the fields belonging to the Lie algebra generated by [X 0 , X 1 ], X 1 is of dimension 3. One can also ensure that the extensions [X 0 ,X 1 ],X 1 satisfy the same condition. We shall denote the respective extension of N by the same symbol. Let R v 0 ,R x,v 0 be the probability measures supported on the respective path spaces C 1 := C([0, +∞); R), C 3 := C([0, +∞); R 3 ) that solve the martingale problems corresponding to the generators N and N with the respective initial conditions at t = 0 given by v 0 and (x, v 0 ). Let r(t, x − y, v 0 , w), t ∈ (0, +∞), x, y ∈ R 2 , v 0 , w ∈ R be the transition of probability density that corresponds toR x,v 0 . Using Corollary 3.25 p. 22 of [6] we have that for some constants C, m > 0 r (t, y, v 0 , w) ≤ Ct −m , ∀ y ∈ R 2 , v 0 , w ∈ R, t ∈ (0, 1]. 
Suppose thatQ * is a weak limit of a sequenceQ (δn)
x,v for some δ n ↓ 0 and letẼ * be the corresponding expectation. Let G ∈ C 1,1,3 b ([0, +∞), R 4 * ) and N t (G), t ≥ 0 be the process defined by (5.8). Using (5.7) and Proposition 3.5 we conclude that for any fixed δ 0 and G as in the statement of Proposition 3.5 the process N t∧σ δ 0 (G), t ≥ 0 is an M t -martingale underQ * . Hence, according to Theorem 6. for some constants C, γ > 0, see e.g. (2.46) p. 47 of [7] . This proves therefore thatQ for all A ∈ M T . Here, as we recall Q (δ)
x,v , is the law of the solution to (2.5) without the cut-offs. Thus, we can conclude that in fact Q (δ)
x,v converges weakly, as δ ↓ 0, to Q x,v . This finishes the proof of Theorem 2.1.
A The proof of Lemma 3.2
The proof of (3.19) -(3.21). Here we also explain why both vectors V (t for a suitable constant C 1 > 0 and δ ∈ (0, δ * ], where δ * > 0 is sufficiently small as N 2 ≫ N 4 for small δ > 0 -see (3.1). However, (B.1) contradicts (3.21), which proves that Γ i may not leave the region A.
In the case, when y (δ) (t), t ∈ (σ 1 , σ 2 ) lies in A, we argue similarly replacing the intersection point y (δ) (σ) by y (δ) (τ 2 ) and the normalñ by n 2 the normal to Γ at y (δ) (τ 2 ) directed into A. The remaining part of the argument is virtually identical and leads to the conclusion that Γ i may not re-enter the tube Γ j and hence σ 2 = +∞.
